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ABSTRACT 

We review our recent results on computation of the higher genus characters for vertex operator superalgebras modules. 
The vertex operator formal parameters are associated to local parameters on Riemann surfaces formed in one of two 
schemes of (self- or tori- ) sewing of lower genus Riemann surfaces. For the free fermion vertex operator superalgebra 
we present a closed formula for the genus two continuous orbifold partition functions (in either sewings) in terms of an 
infinite dimensional determinant with entries arising from the original torus Szegö kernel. This partition function is 
holomorphic in the sewing parameters on a given suitable domain and possesses natural modular properties. Several 
higher genus generalizations of classical (including Fay’s and Jacobi triple product) identities show up in a natural way 
in the vertex operator algebra approach. 
 
Keywords: Vertex Operator Superalgebras; Intertwining Operators; Riemann Surfaces; Szegö Kernel; Modular Forms; 

Theta-Functions; Frobenius—Fay and Jacobi Product Identities 

1. Vertex Operator Super Algebras 

In this paper (based on several conference talks of the 
author) we review our recent results [1-5] on construc- 
tion and computation of correlation functions of vertex 
operator superalgebras with a formal parameter associ- 
ated to local coordinates on a self-sewn Riemann surface 
of genus g  which forms a genus 1g   surface. In par- 
ticular, we review result presented in the papers [1-5] 
accomplished in collaboration with M. P. Tuite (National 
University of Ireland, Galway, Ireland). 

A Vertex Operator Superalgebra (VOSA) [6-10] is a 
quadruple  , , ,V Y 1 : 

1
0 1

2
rr

V V V V    , 

dim <rV  , is a superspace,  is a linear map  Y

  1: End ,Y V V z z      , 

so that for any vector (state) u V  we have  

  , 1ku k u 1 , , 1k  

    1, ,n

n

Y u z u n z 



 


 

   p uu n V V  , -parity.  p u

The linear operators (modes)  satisfy 
creativity 

  :u n V V

  , ,Y u z u O z 1   

and lower truncation 

  0,u n v   

conditions for ,u v V  and . 0n
These axioms identity impy locality, associativity, 

commutation and skew-symmetry: 

     
        
1 2 1 2

,

1 2 2 1

, ,

1 ,

m

p u v m

z z Y u z Y v z

z z Y v z Y u z



   , ,



 

     
    
0 2 0 2 2

0 2 0 2

, ,

, , ,

n

n

z z Y u z z Y v z w

z z Y Y u z v z w

 

 
 

          

  

,

0

, 1 ,

, ,

p u v

k j

j

u k Y v z Y v z u k

k
Y u j v z z

j




 

 
  

 


 

         , 1, 1 e ,
p u v zLY u z v Y v z u   ,  

for , ,u v w V  and integers ,  , 0m n
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     ,p u v p u p v . 

The vacuum vector 0,0V1  is such that, , 
and 

 , VY z Id1

0,2V  the conformal vector satisfies 

    2, ,n

n

Y z L n z  



 


 

where  L n
C

 form a Virasoro algebra for a central 
charge  

         3
,, .

12 m n

C
L m L n m n L m n m m        

 1L   satisfies the translation property 

    1 , , .zY L u z Y u z    

 0L  describes a grading with  

   0L u wt u u , and   .rV u V wt u r    

1.1. VOSA Modules 

Definition 1 A -module for a VOSA  is a pair 
,  is a -graded vector space 

V V
 , WW Y  W  r

r

W W


 


, 
,  for all  and .  dim <rW  0r n W r 0n

  1: End ,WY V W z z      , 

    1, ,n
W W

n

Y u z u n z 



 


 

for each , . , and for 
the conformal vector 

u V :Wu W W  , IdWY z 1 W

    2, ,n
W W

n

Y z L n z  



 


 

where , r . The module vertex op- 
erators satisfy the Jacobi identity: 

 0WL w r w w W

   

       

  

1 1 2
0 1 2

0

, 2 1
2 1

0

1 1 0
2 0

2

, ,

1 ,

, , .

W W

p u v

W W

W

z z
z Y u z Y v z

z

z z
Y v z Y u z

z

z z
z Y Y u z v z

z











 
 
 

 
    

 
  

 
2

,

z

 

Recall that . The above axioms imply    n
n

z


  

that  satisfies the Virasoro algebra for the same 
central charge  and that the translation property 

 WL n
C

    1 , , .W z WY L u z Y u z    

1.2. Twisted Modules 

We next define the notion of a twisted -module [8,11]. 
Let 

V
g  be a V -automorphism g , i.e., a linear map 

preserving  and 1   such that 

  1, ,  ,gY v z g Y gv z   

for all v V . We assume that  can be decomposed 
into 

V
g -eigenspaces 

,V V 
    

where V   denotes the eigenspace of g  with eigen- 
value 2πe i . 

Definition 2 A g -twisted -module for a VOSA   V V

i s  a  p a i r   ,g
gW Y ,  g g

r
r

W W


 


,  dim <g
rW  ,  

0g
r nW   , for all , and . r 0n  : End Y V W z g

g , 
the vector space of ( End gW )-valued formal series in  
with arbitrary complex powers of . For 

z
z v V   

    1, ,n
g g

n

Y v z v n z


 

 

 


 

with   0gv l w   , gw W ,  sufficiently 
large. 

l

 , Idg gW
Y z 1 ,     2, ,n

g g
n

Y z L n z  



 


 

where  0gL w r w , g
rw W . The g -twisted vertex 

operators satisfy the twisted Jacobi identity: 

   

       

  

1 1 2
0 1 2

0

, 1 2 1
0 2

0

1 1 0 1 0
2 0

2 2

, ,

1 ,

, ,

g g

p u v

g g

g

z z
z Y u z Y v z

z

z z
z Y v z Y u z

z

z z z z
z Y Y

z z
















 
 
 

 
    

    
        

1

2

,

,u z v z

 

for u V  . 

1.3. Creative Intertwining Operators 

We define the notion of creative intertwining operators in 
[3]. Suppose we have a VOA V  with a V -module 
 , WW Y . 

Definition 3 A Creative Intertwining Vertex Operator 
 for a VOA -module  V  , WW Y  is defined by a 

linear map 

    1, ,n

n

w z w n z 



 


  

for w W  with modes ; satisfies crea- 
tivity 

  :w n V W

  , ,w z w O z 1   

for w W  and lower truncation 

  0,w n v   

for v V , w W  and . The intertwining vertex 
operators satisfy the Jacobi identity: 

0n

Copyright © 2013 SciRes.                                                                                  AM 



A. ZUEVSKY 

Copyright © 2013 SciRes.                                                                                  AM 

35

   

   

  

1 1 2
0 1

0

1 2 1
0 2

0

1 1 0
2 0

2

, ,

, ,

, ,

W

W

z z
z Y u z w z

z
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2

1

2 ,

z

w z

 ,

 

[10] generated by weight one normalized Heisenberg 
vector  with modes obeying a

    ,, ,n ma n a m n    ,n m . 

In [3] we consider an extension M     of M  
by its irreducible modules M  generated by a 

-valued continuous parameter    automorphism 
.  2π 0e i ag 

We introduce an extra operator  which is canoni- 
cally conjugate to the zero mode , i.e., 

qfor all  and . u V w W
 0aThese axioms imply that the intertwining vertex op- 

erators satisfy translation, locality, associativity, com- 
mutativity and skew-symmetry:   ,0, .na n q     

    1 , , ,W zL w z w z     The state  is created by the action of e 1  e q  
on the state 0e1 . Using -conjugation and associa- 
tivity properties, we explicitly construct in [3] the crea- 
tive intertwining operators 

q

 , :u z M M . We then 
prove: 

     
    
1 2 1 2

1 2 2 1

, ,

, ,

m

W

m

z z Y u z w z

z z w z Y u z



 




 

Theorem 1 (Tuite-Z) The creative intertwining 
operators  for   are generated by -conjugation 
of vertex operators of 

 q
M . For a Heisenberg state , u
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u j w z z
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     1, e ,WzL
Ww z v Y v z w  ,  The operators  with some extra cocycle structure 

satisfy a natural extension from rational to complex pa- 
rameters of the notion of a Generalized VOA as described 
by Dong and Lepowsky [7,12]. We then prove in [3]. 



for , ,  and integers . u v V w W , 0m n

1.4. Example: Heisenberg Intertwiners Theorem 2 (Tuite-Z)  satisfy the gen- 
eralized Jacobi identity 

 e ,u  z
Consider the Heisenberg vertex operator algebra M ,  
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0 2
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1, e ,

z
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for all . e , eu v   

1.5. Invariant Form for the Extended Heisenberg 
Algebra 

The definitions of invariant forms [8,13] for a VOSA and 

its g -twisted modules were given by Scheithauer [14] 

and in [2] correspondingly. A bilinear form ,  on 

 is said to be invariant if for all  eu  , ev  , 

 we have ew 

 

   π †e , e , e e e , e , e ,iu z v w v u z w               

   
 

 2
2 0 2

1† e , e e , .
L

z Lu z u
z z
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We are interested in the Möbius map z w
z


   

associated with the sewing condition so that 
1

2   ,  

with  1     . We prove in [3] 

Theorem 3 (Tuite-Z) The invariant form .,.  on 
 is symmetric, unique and invertible with 

2 0 0
,e , e e , e .v w v w  

  
      

1.6. Rank Two Free Fermionic Vertex Operator 
Super Algebra 

Consider the Vertex Operator Super Algebra (VOSA) 
generated by 

    1, ,n

n

Y z n z  



 


   

for two vectors    with modes satisfying anti-com- 
mutation relations 

   

   
, 1, ,

, 0.

m nm n

m n

  

 

 
 

 



   

   

 
 

The VOSA vector space 0 2k kV V   is a Fock 
space with basis vectors 

         1 1 ,s tk k l l          Ψ k, l 1   

of weight  

  1 1

2 2i ji j
wt k l

             
 Ψ k, l





, 

where 1 21 < < < sk k k 
  0k 1 k 

 and  
with  for all . 

1 21 < < < tl l l 
 0

1.7. Rank Two Fermionic Vertex Operator 
Super Algebra 

The conformal vector is 

       1
2 1 2 1

2
             1,  

whose modes generate a Virasoro algebra of central  

charge 1.    has  0L -weight 
1

2
. The weight  sub-  1

space of V  is , for normalized Heisenberg 
bosonic vector , the conformal 
vector, and the Virasoro grading operator are 

1V  
a  

a
   1 1    1

    ,, ,m na m a n m     

 

       

2

2

>0

1
1 ,

2

0
0 .

2 n

a

a
L a n

  

  

1

 

a n

2. Sewing of Riemann Surfaces 

2.1. Basic Notions 

For standard homology basis ia , jb  with 1, ,i g   
on a genus g  Riemann surface [15,16] c

ia

onsider the 
 which is a 
 , 0

normalized differential of the second kind
hic form with symmetric meromorp  g z   , has 

the form 

   
 

1 2
1 2 1 22

1 2

d d
, for local coordinates .g z z

z z z z
z z




   

A normalized basis of holomorphic 1-forms i , the 
period ma  trix g

ij , and normalized differential of the 
third kind are g by 

iji

iven 

         , , 2π ,
i

g g g
i jb ai

z z         

           2

2 1 1

1
, , ,

2π i

pgg g g
ij j p pb p

z z
i

        

 
2 1

0
i

g
p pa

   ,      
2 1

1
d

a
g

p p
a

z z
z p

 




where  for az p , 

1,2a  . 

2.2. Period matrix 
 g  is symm  w . etric ith positive imaginary part i.e
 g

g 

of the sym

 , the Siegel upper half plane. The canonical 
 on cycles is preserved under the action 

 where 

 a  

intersection form
plectic group  2 ,Sp g 

 , 2 , .
b

Sp g
C D a C Da

 
        

     





 

This induces the modular ction on 

b A B b A B

a

      

 

g  

          1

.g g g gA B C D


        

2.3. Sewing Two Tori to Form a Genus Two 

Consider 

Riemann Surface 

 1,17  two oriented tori  1

aa     with  
1,2a   for  2π

a ai    for   1a  , the com-  

k  plex upper half plane. For  1
a az   the closed dis

 provided  1
<

2a ar D a az r  is contained in a
 1   

where 

 
, 0

min tice distance.min
a

aD
 

 
 

   imal  lat

Introd etuce a sewing param er    an  d excise the
disks 1 2z r  and 2 1  wherz r e 

   1 2 1 2

1
< .

4
r r D D    
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2 1r z r  Identify the annular regions 1 and  

1 2r z r    2 via the sewing relation 
 

 
 

gives a genus two Riemann surface  parameterized 
by the domain 

 2

     1 2 1 1 1 2

1
, , .

4
D D            

 
   

2.4. Torus Self-Sewing to Form a Genus Two 

ribe procedures of sewing Riemann sur- 
faces [17]. Consider a self-sewing of the oriented torus 

Riemann Surface 

In [1] we desc

 1   ,  2πi     , 1  . 
 

 
 

Define the annuli , a 1,2a   centered at 0z   
z zand  ofz w   1  with local coordinates 1   and 

2z z w   res  convepectively. We use the ntion 1 2 ,  
2 1 . Take the outer radius of  to be  a

  , 0
1

min
2ar D q      . 

Introduce a complex ara p meter  , 1 2r r  .  
inner ra s to 

Take
diu be ar , with 1 2r r  . 1r 2 must 

ntly small to ensure that the disks do not inter- 
, r  

be sufficie
sect. Excise the disks 

   11, <a a az z r     ,

to form a twice-punctured surface 

     1 1 1

1,2

ˆ .a a a
a

z z


  

Identify the annular re

\ , r   

gions ,   1ˆ
a  

 1,a a a a az r z r    

he sewing relation as a single region      via t1 2

1 2 ,z z   

to form a compact genus two Riemann surface  

parameterized by 

     2 1
1

ˆ \    , 2  

 
1

2
1, , ,  2 0,  .w w

 

           


 
 

3. Elliptic Functions 

 Function 

The Weierstrass 





3.1. Weierstrass

 -function periodic in  with peri- 
ods  and 

z
2πi 2πi  is 

 
     

2

1
n E

z
     

2 2 2
,,0,0

2

1 1 1
,

1 ,

m nm n

n
n

z
z

z




 

 
    
  






 
,

,
m n

m n
z 



4,  evenn n

for  ,z     ,m n  , 2πi m n . We define for  

1 , k 

   
   

   

1 1

11

1
, ,

1 !

11
1 .

1

k k

k k

k n k
nk

n k

P z P z
k z

n
E z

kz

 



 







 


 

 
     


 

Th  en

     2 2, ,P z z E    . 

kP  has periodicities 

   
    1

2π , , ,

2π , ,

k k

k k

P z i P z

P z i P z

 

.k  

 

  
 



3.2. Eisenstein Series 

The Eisenstein series  nE   is equal to  for  odd, 
and f

0 n
or n  

   
 

1

1

0 2
,

! 1 ! 1

n r
n

n r
r

B r q
E

n n q






  
   

where  0B  is the th Bernoulli number. If   n

then 

n  4n 

 nE   is a holomorphic modular form of weight 
n  on  2,SL   

      ,n

n nE c d E       

for all , where  2,
a b

SL
c d


 

  
 

 a b

c d

 



 


. 
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 2E   asimodular form is a qu

       2

2 2 ,
2π

c c d



E c d E

i
       

 the exceptional transformation law.

 Theta Function 

theta function with real 

having

We rec
characte

 

 

3.3. The

all the definition of the 
ristics [18] 

  
     2π ,

g gz

z i   exp π gi m m m
gm






         

 


 



 
 
 

for  

  ,    ,g g
j jz z     , j   

2π 2π
e ,  e ,  1, ,j ji i

j j j g
         ,

       
      2π 2π π

2π

e e e
g

g g g

g gi s i r i r r r z

z i r s
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,

         2πe ,g g gi sr
z z

s
 

 
 

   
        

 g

for , gr s

Let 
complex

 . 

3.4. Twisted Elliptic Functions 

1 denote a pair of modulus one 
 

    , 1U U     
 parameters with  exp 2πi   for 10 < . 

For z  and    
ns for 1k   [19,2

we define “twisted” 
0] 

Weierstrass 
functio

   
 

1

1

1
, ,

1 ! 1

k k n
z

k n
nk    

' n q
P z

q


 






  

  


for 2πiq q   where 
'
  means we omit 0n   if  

  , 1,1   . kP


 
 
 

 

conver
of the do

ges absolutely and uniformly on compact subsets 
main < <zq q

Lemma 1 (Mason-Tuite
1  [20]. 

-Z) For 1  , 1,   , 

 ,kP z




 
 
 

 

is periodic in  with periods z 2πi

multipliers   and   respectively. 

3. sted Weiers ass 
Functions 

Define th ndard  action of e modular group for  

wit

5. Modular Properties of Twi tr

e sta  left

SL

th

 2,
c d

    
 

  on  z    h 
a b 

, 

   , , , .z z
c d c d

    
 

        
 

e also define a 

z a b  

W  action of  onleft    ,   

.
d 

  
 

 
a b    
c



son




Then ain: 
Theorem  (Ma -Tuite-Z) For 

 we obt
 4    , 1,   1  we 

have 

.z


    , ,k kc d P
k

P z  

 

  
 

 
       

  
 

  
 
 

3.6. Twisted Eisenst

 

ein Series 

W or e introduce twisted Eisenstein series f 1n  , 

 
 

 and  with 2πi

 
 

 

1 1

1
0

1
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E
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r q
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where 
'
  means we omit 0r   if     , 1,1  and  

where  nB   is th Bernoulli polynomial defined by e 

  1

1

1
.

1 !
n nz

nz

Bq
z

q z n

  



 
   

In particular 

 1B  1

2
 

 that 

. 

Note

   
1

1n nE E 
 

 
 

, 

th enst series for even , whereas  e standard Eis ein 

 

2n 

 1 ,1

1 1
0

1 2n nE B ,1n 
 

  
 

 

for  od
Theorem 5 (Mason-Tuite-Z) We have 
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   , 1,   ,Theorem 6 (Mason-Tuite-Z) For 1   

kE


 
 


 


is a modular form of weight  where 

k



k

   k
 .kE c d E   

   





       
    

 


3.
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7. Twisted Elliptic Functions 
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k
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1
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'
E
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1
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.


 
  

 

 

 



 

 
 

Let 

        1
0

g g g
z ii i
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 , z

be a holomorphic 1-form, and let  
1

2z  denote the 

form of weight 
1

2
 on the double cover  g  of  g .  

We define the prime form 
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       , ,g gE z z E z z   , 

and a holomorphic differential form of weight  

1 1
,

2 2
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 , 

d has multipliers 1  and e
   π
g g

jj j

z
i

z
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and 
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e sec

 cycles in [21]. The normalized differentials 
of th ond and t d kind can be expr d in terms of 
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z  
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the prime form [18] 

       , l , dg g
z zz z z z z z  og E      

   
   
   

,
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,

g
g
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terms of  g
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1
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2

z g
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E z z
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      1
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Finall be the m ey, we descri odular invarianc  of the 
Szegö kernel under the symplectic group  2 ,Sp g   
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where  diag M  denotes the diagonal elements of a 
matrix M . 

5.1. Modular Properties of the Szegö Kernel 

y, we describe the modula nvariance of the Szegö 
kernel under the symplectic group  where we 
find [21] 
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5.2. Torus Szegö Kernel 

On the tor   the Szegö kernel for    , 1,  1  us 1  is 
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 exp 2πi   for 10 < . 

6. Str  2Σ
 

uctures on  Constructed from 
Genus One Data

Yamada (1980) described how to compute the period 
 and other structures on a genus matrix g  Riemann sur- 
 terms of lower genus data. 

6.1. 

face in

 2ω  on the Sewn Surface  2Σ  
 2  can be determined from  1  on each torus in 

da’s sewing scheme [1 ]. For a torus Yama 7,23
 1

    the differential is 

d d     1
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and Eisenstein series for 2k   

 
   

1
k k k

'
E  1

.
2π m ni m n

 
  

  

kE  vanishes for odd k  and is a weight k  modular 
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ng 
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6.2. A Determinant and the Period Matrix 

Consider the infinite matrix 1 2I A A  where I  is the 
infinite identity matrix and define det  1 2I A A  by 

   

  
1 2 1 2
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as a formal power series in   [23]. 
Theorem 7 (Mason-Tuite) 
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is convergent for 1 2, ,      . 
b)  1 2det I A A  is non-vanishing and holomorphic 

on  . 
Furthermore we may obtain an e a for t  

genus two period matrix  2   . 
xplicit formul he
 on  [23]

Theorem 8 (Mason-Tuite
  2

, ,)  1 2     is holo- 
morphic on and is given b
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6.3. Genus Two Szegö Kernel on  in 
ε -Formalism 
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1

1
2

,a aF k l


, , ,

, ,

a
a

a

k l

F k l

C k l

 


  

   1

11 1 2 1 22π 2π 1,1 ,i i A I A A       

  12π 2πi i A     1

2 1 1,1 ,I A A
  22 2

a
a

a

 
 

 
 
 


  

 

 is described in terms of the infinite matrix 

 





 2S
I Q  for 

1
1

1

2
2 0F



2

0

,   1.

F

Q







  
  

     

  

 

Theorem 9 (Tuite-Z) 

a) The infinite matrix 

     

  1

0
n

n
I Q Q




    is con- 

vergent for  1 2, ,     , 

 det I Q  b) is non-vanishing and holomorphic on 
 . 

6.4. Genus Two Szegö Kernel in the 
ρ -Formalism 

It is convenient to define 
1 1

,      by 2π
2 e i

2 2 
   .  

Then we prove [1] the following 
orphic inTheorem 10 (Tuite-Z)  2S  is holom    
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1

2
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and let     ,ah x h k x  and    , y , de-   ah y h k
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the sewing relation 
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Defining  det I T  by the formal power series in 
  

     
1n n

1
Tr log Tr ,nI T T    log det I T 

we prove in [1]. 
Theorem 11 (Tuite-Z) 

a)   1 n
0n

I T T


    is convergent for 1 2< r r , 

b)  det I T  is non-vanishing and ho morphic in lo
  on  . 

Theorem 12 (Tuite-Z)    2 ,S x y  is given by 

             12 1, , TS x y S x y h x D I T h y .      

7. Genus One Partition and n-Point 

7.1. The Torus Partition Function for a 
enberg VOA 

Fo VOA 

 characteristic) function by 



Functions 
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r a 0n nV  of central charge c  define the V 
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7.3. Genus One Fermionic One-Point Functions 

Each orbifold 1-point function can found from a general- 
ized Zhu reduction formulas as a determinant. 

Theorem 13 (Mason-Tuite-Z) For a Fock vector 

         1 1 ,n nk k l l          Ψ , 1 k l  
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7.4. Genus One n-Point Functions for VOA 
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Every orbifold n-point function can be computed using 
generalized Zhu reduction formulas in terms of a deter- 
minant with entries arising from the basic 2-point func- 
tion for 

 

,    [19]. 

.5. Zhu Reduction Formula 
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Theorem 14 (Mason-Tuite-Z) For any V1, , nv v   
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7.6. General Genus One Fermionic n-Point 
Functions 

The generating two-point function (for    , 1,   1 ) is

 

.

 
given by 
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1 , ,

a

aa a
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7.7. Torus Intertwined n-Point Functions 

n ordinar ntertwined) 2,19,2 4As i y (non-i  case [ 0,2 -29] we 
construct in [4] the partition and n -point functions 
[30-39] for vertex operator algebra modules. 

Let ig , if , 2i 1,  be VOSA V  automorphisms 
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p v
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states 1, , nv v V  we define the intertwined n -point 
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associated to the torus intertwined point function. 

7.8. Torus Intertwined Two-Point Function 

The rank two free fermionic VOSA 
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is the basic intertwined two-point function on the torus, 
and matrix n n -

     1 1 1

1
i j   
, , ,  , 1,S S x y i j n


 

  
   


 , 

ith elements given by parts of the Szegö kernel. 

8. Genus Two Partition and n-Point 
Functions 

 

o partition function i
ewing scheme in terms of data coming from the two tori, 

namely the set of 1-point functions 

w

8.1. Genus Two Partition Function in 
ε -Formalism 

We define the genus tw n the earlier 
s

   1 ,V aZ u   for all 
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The inner sum is taken over any basis and u  is dual 
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8.2. Genus Two Partition Function for the 
enberg 

  2
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partition function for the rank one Heisenberg VOA is 
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c)    22
1 2, ,MZ     is automorphic of weight 1 ; 
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bracket metric.    1 ,ah
V a
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Then ther genus one twisted partition function is given by 
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9.2. Genus Two Ja
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Comparing with the fermionic result we thus find that 
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9.3. Fa risecant Identity 
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9.4. Bosonized Generating Function and 
Trisecant Identity 

In a similar fashion we can compute the general 
generating function  in the bosonic setting t  
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10. Genus Two Intertwined Partition and 
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where    1 1fZ w 
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10.1. Genus Two Generating Form 
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10.2. Modular Invariance Properties of 
Intertwined Functions 

Following the ordinary case [20,27,40] we would like to 
describe modular properties of genus two “intertwined” 
partition and -point generating functions. As in [27], 
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as follows:  1 2,SL    
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